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ABSTRACT 
An ergodic measure-preserving transformation T of a probability space is 
said to be simple (of order 2) if every ergodic joining A of T with itself is 
either tt x ~u or an off-diagonal measure Ps, i.e., tts(A x B) = tt(ANS-nB) 
for some invertible, measure preserving S commuting with T. Veech proved 
that if T is simple then T is a group extension of any of its non-trivial 
factors. Here we construct an example of a weakly mixing simple T which 
has no prime factors. This is achieved by constructing an action of the 

countable Abelian group Z@ G, where G = ~i=1°° Z2, such that the Z-sub- 
action is simple and has centralizer coinciding with the full Z • G-action. 

§1. Introduction 

We consider  an ergodic  finite measure-preserv ing  sys tem ( s y s t e m  for short)  

X = (X, $-, #, T) ,  t h a t  is, (X, J: ,  #) is a p robab i l i ty  space and  T:  X -+ X is 

an inver t ib le  ergodic  measure-preserv ing  map.  A (2-fold) s e l f - j o i n i n g  of X is a 

measu re  A on 9 v ® j r  which is T x T- invar ian t  and  has  bo th  p ro jec t ions  equal  

to  #. We denote  by Je (X)  or Je (T)  the  space of all ergodic self-joinings of X.  

C ( X )  will  denote  the  centra l izer  of T,  the  set of (equivalence classes of) invert-  

ible /z-preserving m a p s  S commut ing  a.e. wi th  T. We equip C ( X )  wi th  the  

weak topo logy:  Sn -~ S if and  only if # ( S ~ I A A S - 1 A )  --+ O. For S e C ( X )  the  

off-diagonal  j o i n i n g / z s  E J e (X) ,  suppor t ed  on the  graph  of S, is defined by 

/zs(A) = it{x: (x, Sx) e A}. 

If  X is weakly  mix ing  It x It is also an ergodic  self-joining. 
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X is said to be (2-fold) s imple  if each ~ E J~(X) is either product measure 

or an off-diagonal joining. X has m i n i m a l  self- joinings (MS J) if it is simple 

and C(T)  = {Tn: n E g}. Both notions can be strengthened to include higher 

order joinings but we will only be concerned with the two-fold versions here. We 

remark also that these notions have natural generalizations to actions of locally 

compact groups other than Z. The definition of simplicity is due to Veech [V], 

who proved the following result, which was the starting point for the theory of 

simple maps (see JAR1], [G,H,R], [Th]). 

THEOREM: Suppose X = (X, F,  #, T) is simple and G C ~ is a T-invariant a- 

algebra. Then, modulo null sets, ~ is either the trivial a-algebra {~b, X}, or there 

is a compact subgroup K of C(X) such that 

G = 5~(K) = {A E jz: S A  = A a.e. VS E K}. 

In other words, X is a group extension of X = (X, G, #, T). 

In particular, if X has MSJ then X has only the trivial factors {~b, X} and ~', 

since C(X) -- Z has no non-trivial compact subgroups (see also [R]). When X 

has only the trivial factors we call X prime. 

If X is simple it is not hard to see that it is either weakly mixing or has discrete 

spectrum [JR1]. In the second case, which may be regarded as the trivial case, 

every factor of X again has discrete spectrum, hence is not prime (unless it 

happens to be a cyclic permutation of prime order). On the other hand, many 

examples of weakly mixing simple systems are now known (although it remains 

an open question whether they are 'typical' in the sense of being residual in the 

weak topology). These include any weakly mixing group extension of a system 

with MSJ and the time one map of a flow with MSJ ([3R1]) as well as others 

([JR2], [G,W]). All of these examples are either themselves prime or have prime 

factors. This leads naturally to the question, already posed in [3R1]: must a 

weakly mixing simple map have a non-trivial prime factor? 

The purpose of this paper is to answer this question negatively. This is achieved 

by constructing an action of the countable discrete group Z ® G, where G = 

(~i~__1 Z2, for which the map T generating the Z-sub-action is weakly mixing and 

simple, with centralizer C(T)  coinciding with the full Z ® G action. To see that 

this gives the desired example, let Gn --- (~i=1Z2, n = 1 ,2 ,3 , . . . ,  denote the 

natural ascending chain of finite subgroups of Z G G, so Z(G,~) is a descending 

chain of factors of T. Since every compact subgroup of Z @ G is contained in 
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some Gn, by Veech's theorem, every factor of T contains some Z(Gn) and hence 

is not prime. 

The action we construct is a rank 1 action of Z ® G (the action of Z will not 

be rank one) with randomly chosen 'spacers'  in the spirit of Ornstein's rank one 

mixing map [O] (see also [R]). What  we show in effect is that  almost all choices 

of spacers give the desired properties. The construction we make can in fact be 

shown to be a mixing action of Z @ G, but we will not need this. With some 

additional conditions on the spacers, which also hold almost surely, one can show 

that  the Z-action is actually mixing of all orders and simple of all orders (see 

[JR1] for the definition of higher order simplicity). (In fact, a result of Glasner, 

Host and Rudolph [G,H,R] says that simplicity of order 3 implies all orders.) 

There are a number of other questions about simple maps which could be 

answered by a generalization of the construction in this paper. Suppose, namely, 

that  we have a locally compact group H with a closed subgroup L and an action of 

H for which the L-sub-action is weakly mixing and simple, with centralizer given 

by the action of the centralizer subgroup CH(L) = :  {h E H: hl = lh V l c  L}. 

In case H = Z × G and L = Z, where G is a countable discrete group with 

more than one maximal finite subgroup, we obtain an example of a simple map 

with more than one prime factor. Such an example has already been produced in 

a quite different way by Glasner and Weiss [G,W], using horocycle flows. Their 

construction relies on the deep results of Ratner IRa] on joinings of horocycle 

flows, as well as the existence of a discrete subgroup of SL(2, Ii{) with rather 

special properties. 

In case H = Z × G and L = Z where G is a (necessarily non-discrete) group 

having a compact  sub-group K and g E G with gKg -1 C K we obtain an 

example of a simple map with a non-coalescent factor, answering a question 

posed by Mariusz Lemaficzyk (see also question 3 at the end of [JLM]). Jean- 

Paul Thouvenot  (private communication) has already produced an example using 

horocycle flows. 

Finally, if H is a semi-direct product Z 2 x ~ Z of Z 2 with Z by an automorphism 

a of Z 2 of infinite order we obtain a simple action 0 o f Z  2 (i.e., 0: Z 2 --+ Aut(X,  #)) 

such that  the actions 0 and 0 o a are isomorphic, answering a question raised by 

Eli Glasner. 

None of the above three examples has been worked out in detail. The first 

two, however, appear  to be realizable using ideas similar to the present paper  



304 A. DEL JUNCO Isr. J. Math.  

bu t  t he  t h i r d  will require  subs tan t i a l  new ideas due to the  fact  t h a t  the  g roup  

is h ighly  non-abe l ian .  One would like a cons t ruc t ion  which works under  fa i r ly  

genera l  condi t ions  on H and L and  it is not  yet  clear wha t  these might  be. I 

hope  to  r e tu rn  to  th is  ques t ion in a fu ture  paper .  

We now briefly summar i ze  the  organ iza t ion  of this  paper .  In  Sect ion 2 we 

es tab l i sh  some no ta t ion  and a general  f ramework for cons t ruc t ion  of r ank  one 

group act ions .  We also formula te  versions of the  law of large numbers  and  the  

ergodic  t heo rem which we will need. In  Sect ion 3 we cons t ruc t  the  example .  In 

Sect ion 4 we es tabl i sh  weak mix ing  of the  Z-ac t ion  and in Sect ion 5 we prove 

t h a t  i t  is s imple.  

§2. Nota t ion  

For  m, n E Z, [rn, n] will a lways denote  the  integer  interval  {m, m +  1 , . . . ,  n}. #A 

denotes  cond i t iona l  measure  on a subset  A. By a p a r t i t i o n  P of a measu rab l e  

space  (X, 9 r )  we mean  a measurab le  m a p  P :  X '  --~ I where X / is a measu rab l e  

subse t  of X and I is a finite set, the  i n d e x  s e t  of P .  If A is a finite set u n i f  A 

will denote  the  normal ized  count ing measure  on A. If  f :  X -+ Y is a me a su ra b l e  

m a p  and  # is a measure  on X ,  f ( # )  denotes  # o f  -1 ,  a measure  on Y. ]A[ deno tes  

the  ca rd ina l i ty  of a finite set A. A = :  B or B :=  A means  t ha t  the  symbol  A is 

defined to  mean  B. 

We will be dea l ing  wi th  many  p robab i l i t y  measures  on finite sets  and  

es tab l i sh ing  t h a t  t hey  are  close to  uniform. Closeness will a lways be  measu red  

in the  t o t a l  va r ia t ion  metr ic :  if p and  a are probabi l i t i es  on a finite set I then  

liP - ':"ll = :  ~ IP(i) - ':'(01. 
iEI 

We often wri te  pLa when I [ P -  a[[ < E. Here are  some easi ly verified p rope r t i e s  

of [l" [] which we will use repea ted ly :  

(2.1) 

(2.2) 
(2.3) 
(2.4) 

If  A C I and  p(A) > 1 - e then  liP - PAll < 2e, if PA is viewed as  a measu re  

on I .  

I f  lip - < e  < @ ,  A C I ,  then  I I P A  - -   AII < 3e/p(A) 2. 

If  7r: I ~ J t hen  117r(p) - 7r(cr)t I _< liP - all- 

Suppose  #, u are  p robab i l i t i e s  on I x J .  Let  #, ~ denote  the  p ro jec t ions  

on I .  For  x E X let #= be the  condi t iona l  measure  #=(y) = #(x ,y ) /# (x ) ,  a 

probab i l i t y  on Y. If tt= = u~ Vx then  Iltt - ull = I1# - PlI. 
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(2.5) W i t h  nota t ion as in (2.4) if/2 = P then - = II x - vxllp(x). 

If (]I, v) is a probabil i ty space, I is finite, f :  Y --+ I is measurable and A is a 

measurable  subset of Y we will use the notat ion 

dist(f(y)ly • A) =:  f(~m), 

o r  

distv(f(y)ly • A), 

when v is not  clear from the context. Usually Y will be either a finite set, in 

which case v is unders tood to be unif Y, or Y will be a subset of a probabil i ty 

space (X, #), in which case v is unders tood to be # y  (and # is clear from the 

context!).  The  condit ion y • A may be expressed by one or more s ta tements  

about  y, which may  involve other parameters,  and f may  also depend on other  

parameters .  In such cases it may  be necessary to write, for example, 

disty(f(x,  y)lg(x, y) • B) 

to  indicate tha t  f ( x ,  y) is to be viewed as a function of y. The justification for this 

somewhat  imprecise notat ion is its flexibility. For example, the ergodic theorem 

says tha t  if T is ergodic and P is a partition, then 

II dist(P(Tix)l  i e [1,n]) - d i s t ( P ( x ) l x  e X)I I --+ 0 

for a . a . x .  Or, if A C X,  then 

II dist i(P(Tix)l  1 < i < n, T ix  E A) - distx(P(x)lx e A)I I --+ O. 

RANK 1 CONSTRUCTIONS. We will describe a general framework for construc- 

t ion of rank 1 actions of a countable discrete group G. We do not assume G 

is Abelian, having in mind applications beyond the context of this paper.  We 

assume G discrete for convenience but  the construct ion could easily be general- 

ized to locally compact  G. When  specialized to G = Z what  we are describing 

is actual ly  the  notion of a funny rank 1 action (see IF]), tha t  is, we do not  

assume tha t  the F¢lner sets indexing the towers are intervals. The  stronger no- 

t ion of (unfunny) rank one does not generalize in an obvious way to the abs t rac t  

setting. 
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First we describe a categorical construct ion of a limiting measure space. The  

limit will be at once inverse and direct. Suppose A o , A 1 , A 2 , . . .  are finite sets 

with subsets Bi C Ai for i _> 1 and 

7ri: Bi+l --+ Ai 

are projections such that  17r~-l{a}[ is independent of a C A~. Assume tha t  

1-[ IA l 
i>1 ~ - ~  < (X?. 

For i < j let 

Then  we have natural  projections 

Ai = Ai,i +-- Ai,i+l t--- . . .  

so we can form the inverse limit 

Xi = limj Ai,j 

= { (a i , a i+ l ,a i+2 , . . . ) :a j  EAi , j ,Trj (aj+l  = a j  Vj}. 

Xi  carries a unique Borel probabili ty measure which projects onto unif (Ai,j) for 

all j .  

We now have natural  injections 

Xo --+ X1 --~ X2 --> . . .  

so we can form the direct limit 

X = limi Xi ,  

and identify Xi with a subset of X in the natural  way. Renormalizing the mea- 

sures on Xi so tha t  the injections are measure-preserving, we obtain  a measure on 

X of total  mass I-I~ ~ < oc, and we denote by # the corresponding normalized 

measure on X.  Finally, we denote by Pi: Xi ~ Ai the natural  projection, so P/ 

is a par t i t ion of Xi C X indexed by Ai. We denote the whole set-up by 

(X, .T, p) = limi Ai. 
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Now suppose G is a countable discrete group. The data for our construction 

of a rank one G-action will be two sequences {Fn} and {C,} of finite subsets of 

G. {F~} should be a (not necessarily increasing) left F01ner sequence in G, that 

is~ 

IF~I -11gF~F. I  -+ 0 

for each g C G. Cn should be the set of centres for a partial tiling of Fn+l by 

right translation of F,~. That  is, we assume that 

I~nCn C Fn4-1 

and, for each n and c, c' E C~ such that c ~ c p, we have 

Fn c n Fn c' = O . 

Finally, we assume that 

There is a natural projection 

1-I IFn+ll 
n~l IFnC~l 

- - < 0 0 .  

7r~: F.C,~ ~ Fn 

given by 

Thus, we can form 

7 r n ( f c ) = f  for f C Fn, c C C n .  

(X, #) = lim,~ F~. 

Next we make G act on X. Fixing g E G, g acts in a partially defined way on 

F,~ by left translation, namely 

f ~-~ g f  for f E Fn A g-lFn, 

and these actions are consistent with the projections :rn: if f ,  g f  E F,~ and c E Cn 

then 

g~n(fc) = g f  = ~n0 fc ) .  

It follows that g acts partially on X~ in a well-defined way by 

g(fn, Sn+l , ' '  ") ---- (gfn, g f , ,+l, ' --)-  
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The domain of definition of the action of g on Xn is P~I(Fn N g - lFn )  , so its 

measure goes to 1 as n --+ 0% since {Fn} is F01ner. Moreover, the action of g on 

Xn+l extends its action on Xn, so we obtain an a.e. defined action of g on X. 

Doing this Vg • G we obtain an (a.e. defined) action of G on X,  which can be 

viewed as left translation on the limit measure space X. 

Now let us see how the standard construction of a rank one map T looks in the 

above language. The standard data are the heights ho, hi, h2 , . . ,  of the successive 

towers for T, together with the spacer heights 8n,1,8n,2,... , 8n,kn inserted above 

the nth  tower before cutting and stacking. Then we can take 

and 

F n  = [0, h~  - 1] 

k,~-I } 
C n  ~- 0, an -}- Sn,1,2hn + sn,1 + sn,2 , . . . ,  ( k n  - 1)hn + E sn# • 

4----1 
Note tha t  there is a lot of freedom in the choice of {Fn} and {Cn}. The usual 

construction via cutting and stacking intervals just amounts to a concrete way 

of realizing the limit measure space X. 

We conclude this section by stating two well-known results in a form convenient 

for our purposes. The first of these asserts exponential convergence in the law of 

large numbers. It  can be shown by elementary estimates using Stirling's formula 

(cf. [R]). 

LEMMA 2.1: Let A be a finite set, p a probability measure on A and X1, X 2 , . . .  

a sequence of independent A-valued random variables with common distribution 

p. Then Ve > O ~ c - - c ( p , e ) > 0 a n d M = M ( p , e ) s u c h t h a t V m > _ M  

P{II disti(Xil i • [1, m]) - p l l  > e} < 2 -~'~. 

The next result is a version of the ergodic theorem for averages over sets of 

integers having a regular gap structure. It follows easily from the usual ergodic 

theorem. 

LEMMA 2.2: Let ( X , Y , # , T )  be an ergodic system and P: X -+ A a partition. 

Given e > O and a C (0,1) fora .a ,  x 3 N  such that Vn >_ N ,  an  < m < n and 

K • N the following holds: Let E = l + UK=o[kn, kn + m] for any I • [ - K n ,  Kn]. 

Then 

]] d is t i (P(Tix) l i  E E) - d i s t  PI] < e. 
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§3. C o n s t r u c t i o n  o f  t h e  e x a m p l e  

oo Let G = ~)i=1 Z2 be the countable direct sum of copies of Z2 = Z/2Z, that is 

G = {(gl ,g2, . . . ) :  gi c ~ , g i  = 0 for all but finitely many i}, 

with coordinatewise addition. (We have switched to additive notation.) Let 

e oo { n}n=l denote the natural sequence of generators of G and G~ the subgroup 

generated by e l , . . . , e ~ ,  so G~+I = G~ U (e~+l + G~). We take G0 to be the 

trivial subgroup of G. 

We will construct a rank one action of Z®G by specifying sequences {Fn} and 

{C~} of subsets of Z ® G, as in Section 2. Fn will have the form 

Fn =: [0, hn - 1] x Gn, 

for some sequence of integers {h~} yet to be specified, hn+l will be N ~ w n  where 

w,~ = hn + Sn and N~ and sn are parameters yet to be specified. {F~} and {C~} 

will be defined inductively in the order 

& , ~ , N , G , . . . .  

We define Fo by setting h0 = 1, that is Fo is the trivial subgroup of Z ® G. 

Now suppose 

Fo, Co, F1, CI , . . . , Fn 

have been defined. We proceed to define C~, F~+I as follows. Let 

S n -~ ?~Wn_l~ 

W n  = h n  + Sn  

and let N~ be a parameter yet to be specified, h~+l will be N,~wn. Let 

and 

Fn = [0, N n  - 1] x {0, 1}, 

S n = [0, Sn] X G n _  1. 

Cn will have the form 

Cn = {(iw,~ + ~z(i, 5), 5en+l + ~a( i ,  6)): (i, 6) e Fn} 
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for an appropriate choice of the 

~(i,5) = ( (z ( i ,5) , (G( i , (~) )  e Sn = [0, Sn] X Gn-1. 

Note that any such choice makes the Fnc, c E Cn, disjoint and contained in Fn+l. 

The reader should have the following picture in mind. Fn+l is exactly tiled by 

the sets W(i ,  5) = [0, Wn -- 1] X Gn + (iw,~, 5e,+1) (we will not use this notation in 

the sequel), which may be thought of as 'windows'. F,~ has a 'natural'  translate 

Fn + (iw,~, 5e,+1) in W(i ,  5) but the translate we actually choose is the natural 

translate perturbed by a further translation ((i, 6) which is chosen in a 'random' 

way (this will be made precise in a moment) and does not move Fn + (iw~, 5en+~) 

out of its window. The perturbation may be thought of as a 'shift' by (z(i,  6) in 

the Z direction and a 'rotation' by (a ( i ,  6) in the G direction. Since (c( i ,  5) E 

Gn-1 C Gn this part of the perturbation does not actually move the set F ,  + 

(iwn, Sen+l) but just permutes it within itself (hence the term 'rotation'). 

What  we require of the {((i, 5)}(i,~)ern is: 

(3.1) V(i, 6) ¢ (i', 6') C F~ and m >_ n -~N~  such that i + m < N~, i' + m < Nn 

we have 

[I distj((((i + j ,  5 ) , ( ( i '  + j ,  5'))lj  e [0, m ] ) -  unif S~nll < I S n l - 2  
- 3 n  

The {~(i, 5)}(i,~)er~ will be chosen as some realization of independent ran- 

dom variables, also denoted {((i, 5)}(i,~)er~, with common distribution 

unif (Sn). The following lemma ensures that  this is possible. 

LEMMA 3.1: The  probabili ty that (3.1) holds goes to 1 as Nn ~ oe. 

Proo~ Fix (i,5), (i ' ,5')  and m as in (3.1) and let 

Zj = ( ( ( i  + j , 5 ) , ( ( i '  + j ,5 ' )  

for j e [0, m]. Suppose first that 5 ¢ 6'. Then {Zj}je[O,m ] is a sequence of in- 

dependent random variables with distribution unif (S~). It follows from Lemma 

2.1 that there is a constant e such that (3.1) fails (for this particular (i, 5), (i', 5'), 

m) with probability less than 

2 - c m  < 2 -cn-2N~, 

provided Nn, and hence m, is sufficiently large. 



Vol. 104, 1998 A SIMPLE MAP WITH NO PRIME FACTORS 311 

If 8 = ~t and i ~ i ~, we can still obtain the same conclusion, even though the 

Zj are no longer independent.  Simply observe tha t  [0, m] can be divided into 

subsets A and B, bo th  of cardinali ty at least (m - 1)/2 such tha t  the doubletons 

{i + j,  i '  + j} ,  j E A, are pairwise disjoint, and the same for the {i + j,  i '  + j} ,  

j C B. It follows tha t  for C = A or B the {Zj} j6c  are independent ,  so by 

Lemma 2.1 we have tha t  

(3.2) I[(dist Zjl j  E C) - unif (S~)[[ < n -~ 

fails with probabil i ty less than 

c/m-l) 2-  c~"-2N~-~) 2 -clCI ~ 2-- 2 < 

<_ 2--c~ n-2N'~ ' 

provided N~, and hence ]G;I, is sufficiently large (C 1 < C denotes another  positive 

constant) .  If (3.1) fails (for our (i, 5), (i', ~'), m) (3.2) must fail for A or B, so 

we conclude tha t  (3.1) fails with probabil i ty less than 

2 . 2  -cln-2N'~ ~ 2 -c2n-:N'~ (0 < c2 < Cl). 

Since there  are fewer than  4N~ choices for ((i, g), (i', ~'), m), (3.1) holds for 

all (i, 6), (i', 3'), m with probabil i ty greater than 

1 4N32 -c2n-2N" 
- -  n 

which approaches 1 as N ,  --+ ec (n is fixed!). | 

We now assume tha t  N~ and {~(i, 6)}(i,6)er. have been chosen so tha t  (3.1) 

holds. In addit ion we assume that  N~ grows exponential ly with n, which we may 

do since each N~ can be chosen as large as we please.This defines Cn and Fn+l ,  

so our inductive construct ion of the sequences {F,~} and {Ca} is complete.  To 

check finiteness of the resulting rank one construct ion we need to see tha t  

If +11 1-IfFn+C l 
Since 

tFn + cnl hn 
- 1 + - -  

= 1 + - -  

nWn-1 

hn 
n 

N n - - l '  
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and Nn grows exponentially, finiteness follows. 

For future  use we observe that  (3.1) implies, via (2.2), tha t  V( i ,5 ) , ( i ' , 5 ' ) ,  

m as in (3.1) 

(3.3) suP¢0cs~ H distj(((i+j,  5)[O <_ j <_ m, ( ( i '+ j ,  5') = ( 0 ) -  unif (S~)[[ < n -1. 

As described in Section 2, the {F,~} and {Ca} give rise to a rank one Z ® G 

action on (X, #) = lima Fn. We refer to the translates Fn + c, c • Cn, as n- 

b l o c k s  in Fn+a. The  natural  par t i t ion P~: X~ --+ Fn will be called the n - b l o c k  

p a r t i t i o n .  We have 

Pn(x) = (PZ~(x), Pe~ (x)) • [0, hn - 1] x Gn 

and we refer to  PZ(x) and P~(x) as the Z- and G-n-block part i t ions respectively. 

We also define the n-window part i t ion I/V~: Xn+l --+ [0, wn - 1] × G~ by 

Wn(x) = (W~(x), W~(x)) 

= (PnZ+l (x) mod w~, PnG+, (x) mod en+ 1 ) 

and the n-order  par t i t ion On: X,~+I -+ Fn = [0, N~ - 1] x {0, 1} by 

on(~)  = (o~(~) ,  o ~ ( x ) )  

where 
PnZ+l(X) = OZn(X)Wn + WnZ(X), 

P~+l(x) = o ~ ( x )  • ~n+l + Wn~(X). 

The  definitions of ON and Wn imply tha t  

Pn+l(X) = On(x). (w~,e~+a) + W~(x) 

= on(~) .  ( w n , ~ + l )  + ¢(O~(x)) + w~(x) - ~(on(x ) ) .  

Since On(x)" (wn,en+l) + ~(On(X)) • Cn we get 

(3.4) P~(x) = wn(~ )  - ¢ (o~(~) )  

provided Wn(x) - ~(O~(x)) e Fn. This is certainly the case if WZ(x) = j with 

8 n ~ j ~ w n - - S n .  

Let  us call such j i n t e r i o r  (in [0, w n - -  1]). So, we know tha t  (3.4) holds whenever 

j = WZ(x) is interior. 
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§4. W e a k  m i x i n g  o f  t h e  Z - a c t i o n  

We let T denote  the act ion of (1, 0) E Z ® G  acting on X.  T can in fact be  shown 

to be  mixing,  but  we need only weak mixing. 

PROPOSITION 4.1: T is weakly mixing. 

Proof." We will show tha t  the sequence w ,  = h~ + sn is mixing for T,  tha t  is 

# ( T - W n A n B ) - + # ( A ) # ( B )  VA, B e Y ,  

which implies weak mixing. Since the part i t ions Pk generate  5", to show w,~ 

mixing it suffices to show tha t  for each k 

[[ dist~(Pk(T ~ (x)), Pk(x)) - unif (Fff)II ~ 0. 

Since Pn-1  refines Pk for large n the above convergence will follow, in view of 

2.3, f rom 

[I d i s t x ( P ~ - l ( T ~ x ) , P ~ - l ( X ) )  - unifF2-111 --+ 0. 

In view of (2.5) this will in turn  follow from 

(4.1) suPfeF~ H dist~(P~-l(TWnx)lPn-l(X) = f )  - un i fFn- l [ I  --+ 0, 

which is wha t  we will actual ly  show. 

Fix f = (j, g) E [0, w~ - 1] x G~ with j interior in [0, Wn - 1] and ( E S~ and 

let 

g : ,¢  =:  m { O ~ l ( i , a )  N W r i t ( f ) :  <~(i,5) = (, 0 < i < N= - 2, a = 0 or 1} 

c Xn+l A T -w~xn+l ,  

a union of a toms  of P,~+I. If A is an a t o m  of Pn+1 with 

A C On1(i,6) F1Wnl( f ) ,  

then  
T~:~A c Onl( i  + 1,5) N W n l ( f )  

c p z l ( / _  ((i + 1, a)), 

by (a.4), since j is interior. I t  follows tha t  

1 
p =: dist~(P.(TW~x)lx c ES,¢) = ~(p0 + pl) 
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where, for 5 = 0, 1, 

p~ =:  d is t i ( f  - ~(i + 1,5)K(i,5) = ¢,i ~ [0, Nn - 2]). 

Now, by (3.3), 

P5 % '  unif ( f -  S~) 

( taking i = 1,5 = 0 or 1, m = Nn - 2 in (3.3)). Thus  we also have 

P n~' unif ((j, 9) -- S~). 

Let us denote (j, g) - Sn by E. Note that E has tile form 

( j - [ O ,  w n - l l )  x C , , _ ,  or ( j - [O ,  w n - l l )  x ( e~+C,~_ , ) .  

Since s,, = nw,,_l,  clearly E contains at  least n -  1 full n -  1-blocks in F,,, t ha t  

is q C  C u.C.n-1, such tha t  JCII > n -  l and 

E D F n _ l  ÷ C '  : :  E / . 

Note tha t  
[ E t [ / I E [  ~_ ( n -  1 ) h n - 1  _ a n  --+ 1 

l~Wn--1 

as n --+ oc. Denot ing E II = E N (Fn-1 + Cn-1)  we have 

and 

E D E I/ D E I 

dist(Pn_,(TWnx) lx E EL¢) = 7~n-lPE", 

where 7m-l :  Fn-1 + C n - 1  -~ F , - 1  is the canonical projection. Now p 

and IE"I _> anJE I imply, via (2.2), tha t  

4n - l  p~.,, ~ unif E II 

for large n. Moreover (2.1) implies 

unif E/I 2 (1 -~ )  unif E/. 

7~, - 1  

unif E 
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Put t ing  this all together,  we get 
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28 n 
= :  

have jo interior, so (4.3) implies 

dist~(P~_l (T w~ 

where 53(n) =:  51(n) + 252(n) 

completes  the proof  of Theorem 

§5. S impl ic i ty  

-1- - -  -~0 a s n - + o o  
N ~ - I  

x) IP,~_I (x) = f)6a(~) unif Fn-1,  

--+ 0 as n ~ oo. This establishes (4.1) and 

4.1. II 

We denote  by T ('~'g) the action of (n,g)  E Z ® G on X,  so T = T (1'0). The  aim 

of this section is to prove the following. 

7rn_lPE, ,  4n~ :Trn_ l  ( n n i f  E " )  

2(l~c~")Trn_ 1 ( u n i f  }2') 

= unif F~_I.  

We have shown tha t  

(4.2) d is t (Pn_:  (TW"x)]x C Ef,¢) 61(~n) unif Fn-1,  

where 51(n) = 4 n  - 1  + 2(1  - Ozn) - +  0 a s  n -+  oo.  

Now let us call jo E [0, h~ - 1] interior if s,~ <_ jo <_ h,~ - wsn.  If f0 = (jo,go) e 

Fn and j0 is interior then 

P ~ : ( f o )  = U{EI,¢: f - ¢ = f0} 

and all the f = (j, 9) appearing in the union have j interior in [0, Wn - 11. Thus  

by (4.2) 

(4.3) dist (P~_ a (TW~x)Ix E p ~ l  (f0))~:~ ~) unif F~- I .  

Finally, each a tom P~:_:(I) of Pn_: is a union of atoms P j : ( f o ) ,  fo = (jo,go), 

of which all but  a fraction less than 
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THEOREM 5.1: I f  ;~ E Je(T) and A 7 £ it x it then 3(n,g) C Z ® G  such that A is 

the off-diagonal measure pT(~,9). In particular 

C(T)  = {T(n'g): (n, g) e Z @ G}. 

To beg in  t he  proof  we in t roduce  some terminology.  For x E X ,  by  a Z - n-  

b l o c k  in x we mean  any interval  [k, k + h ,  - 1] in ~ such t ha t  PZn(Tkx ) = O. 

By a Z - n - w i n d o w  in x we mean  any [k, k + w ,  - 1] such t ha t  WZ(Tkx)  = O. 

Each Z - n + 1-block in x is a union of Nn ad jacen t  Z - n-windows in x, each 

of which conta ins  a single Z - n-block.  By the  o r d e r  of a Z - n -window I in x 

we mean  the  cons tan t  value of W , ( T i x )  for i C I .  The  t i m e  0 ~ - n - w i n d o w  

in x, deno ted  In (x ) ,  is the  Z - n-window in x conta in ing  0 E N. I t  is defined for 

x C X n + l ,  hence for all  sufficiently large n. 

Let  X* consist  of those  x E X such tha t ,  for all sufficiently large n, In(x) is 

no t  a m o n g  the  first or las t  n-2Nn n-windows in I n + l ( x ) ,  so i t (X*)  = 1 by  the  

B o r e l - C a n t e l l i  l emma.  Since ,~ is an ergodic  jo in ing  we may  now choose and  fix 

once and  for all x, x' C X* such t h a t  (x, x ~) satisfies the  conclusion of L e m m a  

2.2 app l ied  to ( X  x X,  Sr ® 9r, A ,T  x T)  for a = 1, all e > 0 and all pa r t i t i ons  

Pn x Pn, n : :  1, 2 , . . . .  Hencefor th  we denote  In(x) s imply  by  In. We note  t h a t  

since ,~ is a joining,  x and x ~ ind iv idua l ly  sat isfy the  cor responding  condi t ions  for 

the  pa r t i t i ons  Pk in the  sys tem (X, 5 r ,  #, T).  We will refer to  these  condi t ions  on 

x, x ~ and  (x, x') as genericity.  

Let  us call  n an o f f s e t  t i m e  if there  is a Z - n-window J in x ~ such t h a t  

IIn A JI > ¼1I~l and  the orders  of I s  and  J differ. Of course,  there  are  jus t  two 

cand ida t e s  for J in xq Note  t ha t  the  orders  of Z - n-windows have b o t h  a Z- 

and  a G-componen t ,  so i t  suffices t h a t  one of these differs. 

LEMMA 5.2: / f  there  are  only finitely many offset times, then x, x ~ lie in the  s ame  

Z @ G-orbit, so A = #T(~,,~ for some (n, g) E Z ® G. 

Proof: Fi r s t  no te  tha t ,  because  x, x ~ E X* and n-2Nn grows e x p o n e n t i a l l y ,  for 

sufficiently large n there  are  p lenty  of Z -  n-windows in In+l(x) and  In+l(x t) 

respect ively,  b o t h  to  the  r ight  and  the  left of 0 C Z. If  n is not  an offset t ime,  

look at  the  two ad jacen t  Z - n-windows in x ~ which intersect  In,  bo th  of which 

are  con ta ined  in In+l(x~). Since these have different orders,  one of them,  call  it  

Jn ,  mus t  have the  same order  as In and  sat isfy 

3 
IL n Jnl >  wn. 



Vol. 104, 1998 A SIMPLE MAP WITH NO PRIME FACTORS 317 

Since there are only finitely many offset times, Jn is defined for all n greater than 

some N.  Note tha t  Jn need not be In(x'). 
1 Now by shifting x and x '  by some T k, Ikl <_ ~hN we may assume tha t  JN = 

IN(X'). Since IN and JN overlap and have the same order we conclude tha t  

IIN+l n IN+l(X')]  ~ WN+I -- WN -- SN 

3 
~WN+I,  

if we assume, as we may, tha t  N is sufficiently large. This means tha t  IN+l(X') ---- 

JN+I, and proceeding inductively, we get 

In(x') = Jn Vn > N. 

Thus our assumpt ion  tha t  In and Jn have the same order simply becomes 

O n ( x  ) -~ On(X'  ) V?2 > N. 

It is then an easy exercise to show tha t  this forces x and x'  to be in the same 

Z ® G -orbit. | 

The  remainder  of this section is devoted to showing that  if there are infinitely 

many  offset t imes then A must  be # x #. This we do by an argument  similar in 

flavour to the proof  of weak mixing in the previous section. 

For each offset n we now let Jn denote a Z - n-window in x ' ,  whose order 

disagrees with tha t  of In, such that  

1 
[In G Jn] _> ~wn. 

Let Kn = In A Jn and 

= [ J { g n  + iwn: 0 < i <  -2Nn}. 

Since x, x '  E X* we have tha t  En is contained in bo th  the Z - n + 1-blocks in x 

and x '  containing In and Jn respectively. 

By our choice of (x, x') we have 

dist~((Pk(Ttx),Pk(Ttx'))ll C En) -+ dist~(Pk(x),Pk(x')) as n -+ oo, 

for all k > 0, so it suffices to show tha t  

distl((Pk(Ttx), Pk(Ttx'))ll E E~) -+ unif (F~). 
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Since P,~+I refines Pk, it suffices to show tha t  

IIdistt((P~_~(T~x),P~_~(TZz'))Ll ~ E~) - unif (F2_1)11 ~ 0 as n --+ co. 

This  in tu rn  will be implied via (2.4), (2.5) and genericity of x ~, by 

(5.1) sup]eF~_ ~ It dis t (P~- l (T lx ) l  I E E~, P~_I(T~x ') = f )  - unif (F~-I ) I I  -+ 0, 

which is wha t  we will actual ly  show. 

Now let us fix an offset t ime n. Let (i0, 50) and (i~, 5~) be the orders of In 

and J,~ respectively. As in the proof  of Theorem 4.1, let us call jo interior in 

[0, w~ - 1] if s,~ < Jo < w~ - s~. Similarly, we will say j is interior in Kn if j 

is not  among  the first or last sn integers in K~. Now fix j interior in Kn,  so 

W~(T3x)  = (Jo,go) with j0 interior in [0, w~ - 1]. Note tha t  

W ~ ( T l x ) ( x )  = go V l e  E~. 

Moreover,  for 0 < i < n-2Nn 

Wn(Tj+iw~x) = (jo, go), 

On(TJ+iW'~x) = (io + i, 50) 

and 

On(Tj+iWnx  ') : (i]o ~- i, (~;). 

Thus  for 0 < i < n-2Nn  

pn(T j+ iw~x)  ~__ Wn(TJ+iW~x) - ~(On(TJ+iW~x)) 

= ( jo ,  go) - ~(io + i, 50). 

Next,  fix ~ C Sn and let 

Ej,¢ = { j  + iw~: 0 < i < n-2N~,~(O~(TJ+i~"x ' ) )  = ~} 

= { j  + iw~: 0 < i < n-2N~,  ~(i'o + i, 5'O) = ~}. 

From the above remarks  we see tha t  

distL(Pn(TZx)ll E Ej,¢) 

= dis t i (Pn(TJ+i~x) lO < i < n-2N~,  ~(i'o + i, 5'o) = ~) 

-- dist i(( jo,  go) - ~(io + i, 50)[0 < i < n-2N~,  ~(i~o + i, 5~o) = ~) 
n--1 

unif ((Jo, go) - Sn), 
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by (3.3), since (i0, 50) ¢ (it, 5~). As we saw in the proof of Theorem 4.1, this last 

distr ibution projects  to a distribution on Fn-1 which is close to uniform. So we 

h ave 

(5.2) N dis t l (Pn- l (T lx) l  I E Ej,¢) - unif ( fn_l) l l  ~ 51(7~), 

where (~1 (n) --+ 0 as. rt -+ oo. 

Evident ly  there are constants  c C Z and g~ C Gn such tha t  

Vj c g n , V i  C [O,~-2Nn], Wn(TJ+iwnx/) = (j -b c,g;). 

So, if f0 = (j0, go) E Fn, with j0 interior in [0, hn - 1], then 

{l e En: P~(Tlx  ') = f }  = U{Ej ,¢:  (j +c,g'o) - ~ = f } ,  

and all the j ' s  appear ing in the union on the right are interior in Kn. Thus  (5.2) 

implies tha t  

(5.3) II dis t~(Pn-l(Tlx)l  I • E~,P~(Tzx ' )  = f )  - unif Fn- l l l  < 51(n). 

Finally, for f = (j ,g) • F~-I ,  the a tom Pnl_l(f) of Pn-a is a union of a toms 
-1 P,~ (f0), fo = (J0, g0), of which all but  a fraction less than 

2s(n) 2 
62(n) = -7----  + ~ --+ 0 as n ~ oc 

~ h~ ~ Nn 

have J0 interior in [0, hn - 1]. Thus (5.3) implies 

dis t l (Pn_l(Tlx) l l  • E~, P~_I(TZx ') = f)~3(~)unif F~_I ,  

where di3(n) = (~l(n) + 252(n) --+ 0 as n --+ oe. This establishes (5.1), concluding 

the proof  of Theorem 5.1. | 
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